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ABSTRACT
In this paperwe presenta simple new algorithm to off-

setmultiple, non-overlappingpolygonswith arbitraryholesthat
makesuseof winding numbers.Our algorithmconstructsanin-
termediate“raw offsetcurve” asinput to thetessellatorroutines
in theOpenGLUtility library (GLU), whichcalculatesthewind-
ing numberfor eachconnectedregion. By construction,the in-
valid loopsof ourraw offsetcurveboundareaswith non-positive
winding numbersandthuscanberemovedby usingthepositive
winding rule implementedin theGLU tessellator. Theproposed
algorithmtakesO((n+ k) logn) timeandO(n+ k) space,wheren
is thenumberof verticesin theinputpolygonandk is thenumber
of self-intersectionsin theraw offsetcurve. Theimplementation
is extremelysimpleandreliably producescorrectandlogically
consistentresults.
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1 Intr oduction
Offsettingis a fundamentalproblemin CAD/CAM. Beyond

the useof offsetsasdesignprimitives, for manufacturingthey
area critical tool for analysisandprocessplanning. In orderto
generatetool pathsfor 21

2D pocket machining,for example,the
boundaryof eachpocketmust�rst beoffsetinwardby adistance
equalto theradiusof thecuttingtool to avoid gouging[1–5]. For

directionparalleltool pathgeneration(seeFigure1(a)),thetool
path includesthe line segmentsinside the pocket generatedby
intersectingtheoffsetboundarieswith equidistantparallellines;
for contour-parallel tool path generation(seeFigure1(b)), the
original boundariesareoffsetsuccessively andtheoffsetcurves
arechainedtogetherinto thetool path[2,3,6].

(a) Direction parallelone-
way cutting

(b) Contourparallelspiral

Figure 1. Tool pathgeneration in pocketmachining

We canalsouseoffsettingto �nd the accessibleareafor a
giventool radius[7], asubstepin �nding anoptimalsetof cutter
radii for pocket machining[8]. The boundaryof the pocket is
�rst offsetinwardby thetool radiusto getthetool pathboundary.
We thenoffset theresultoutwardby thesameoffsetdistanceto
�nd theaccessibleareaandsubtractthe resultfrom theoriginal
boundaryof the pocket usinga Booleandifference. If the area
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of thedifferenceis zero,we don't needa smallertool to remove
the excessmaterial. Otherwise,a smallertool is necessaryto
cleanup the corners. An exampleis shown in Figure2. The
shadedareais the inaccessibleareafor a tool of radiusequalto
theoffsetdistance.

Figure 2. Differencebetweentheoriginal polygonandthepoly-
gonafter offsettingback

Roughmachiningof moldsor diesalsousesoffsetting.The
die/moldcavity canbeslicedinto asetof 2D contoursby asetof
parallelplanesperpendicularto thedraw direction(seeFigure3).
Thenwe canoffset thesecontoursinwardby a distanceslightly
largerthantheradiusof theendmill to accommodatetheuncut-
allowance. The unwantedmaterialin the interior of the offset
polygonis removedby machiningeachlayerfrom top to bottom
[9].

(a)Die/Mold (b) Sliceby plane4

Figure 3. Roughmachiningof dies/molds

Offsetting is also usedin rapid prototyping. For generat-
ing deposition-nozzleor laserscanningpaths,a tessellatedSTL
modelis �rst slicedto get theexternalcontours.For eachlayer,
the contoursare offset to constructtool pathssimilar to those
usedin pocket machining.2D offsetsof the layers,in combina-
tion with Booleanconstructivesolidgeometry(CSG)operations,
canalsobe usedto approximate3D offsetsthat hollow out ob-
jectsin orderto savebuild timeandmaterialconsumption[10].

Robotmotion planningis yet anotherareathat usesoffset-
ting [11]. For an autonomousrobot moving on the ground,its
work spacecanbemodeledasa2D polygonwith arbitraryholes,
wherethe outerpolygonboundaryrepresentsthe extent of the
�oor plan and the holesrepresentthe obstaclesto be avoided.
Offsettingthis generalpolygoninward by thedimensionof the
robot gives the boundaryof the spacein which the robot can
movefreely.

Our algorithm is relatedto the conventionaloffsettingap-
proachesthatoffseteachedgesegmentof thepolygonandinsert
circulararcsto closethegapsbetweentheoffsetsegments(see
Figure4). The resultingcurve is calleda raw offsetcurve. A
raw offset curve usuallycontainsinvalid loops, which mustbe
removedto producetheoffsetpolygon[2,12–15].

Figure 4. Conventionalpair-wiseoffsetapproach

In this paperwe presenta simple new algorithm to offset
multiple, non-overlappingpolygonswith arbitraryholesusinga
variationof the traditionalraw offset curve andcalculatingthe
winding numbersof its connectedregions. Our algorithmcon-
structsa raw offset curve as input to the tessellatorroutinesin
the OpenGLUtility library (GLU), which calculatesthe wind-
ing numberfor eachconnectedregion. By construction,the in-
valid loopsof ourraw offsetcurveboundareaswith non-positive
windingnumbersandthuscanberemovedby usingthepositive
winding rule implementedin theGLU tessellator. Theoutputis
the contour(s)of the offset polygon. Using a GLU tessellator
implementationthat employs a sweepline algorithm,our algo-
rithm takesO((n+ k) logn) time andO(n+ k) space,wheren is
thenumberof verticesin theinput polygonandk is thenumber
of self-intersectionsin the raw offset curve. The implementa-
tion is extremelysimpleandreliably producescorrectandlogi-
cally consistentresults,unlike theoffsetroutinein thecommer-
cial ACISgeometrykernel.

We next review relatedwork, thenpresentassumptionsand
preliminaryde�nitions, describethealgorithm,andproveits cor-
rectness.A discussionof the implementationandperformance
follows.
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2 Related Work
Oneoffsettingapproachis to useVoronoidiagrams.Persson

wasthe�rst to applyVoronoidiagramsto generatingcutterpaths
for machiningarbitrarily shapedpockets[1]. ChouandCohen
useVoronoidiagramsto createcontour-parallelpaths[16]. Kim
givesa simplebut ef�cient Voronoidiagrambasedalgorithmto
computea trimmedoffsetof a singlesimplepolygonconsisting
of line segmentsandarcs[17].

The computationof the Voronoi diagramis subjectto nu-
mericalrobustnessissues,aresultof generatingintermediatege-
ometric entitiesduring its construction. Smith describesa di-
vide and conqueralgorithm, similar to that usedby Held [3],
to build the Voronoi diagram. Smith, however, minimizesthe
�oating point round-off error andusesadaptive-precisionarith-
metic to addressnumericalrobustnessissues[18]. Thoughoff-
settingalgorithmsbasedon Voronoi diagramsarefast,creating
theVoronoidiagramitself canbeslow, anda robust implemen-
tationis extremelycomplex to implement.

Another offsetting method is pairwise intersection.
Rossignacand Requicha describe a CSG-basedalgorithm
in which the pocket boundariesare �rst offset and then the
interfering sectionsare identi�ed by calculating the distance
betweenthe offset segmentsand the pre-offset boundary[19].
HansenandArbab useinterferenceindicesto detectanddelete
the “gouging” sectionsof the offset boundaries[2]. Yangand
Huang develop two criteria for loop validation by examining
thegeometryamongtheoffsetsegments[13]. Bartoncalculates
the in�ation/de�ation of a 2D polygon by using a bounding
box hierarchy[12]. Choi andPark achieve a fastalgorithmby
removing all local invalid loops beforethe raw offset curve is
constructed,but their method is applicableonly to polygons
without holes[15].

3 Assumptions and Preliminar y De�nitions
The input to our algorithmis a setof non-overlapping2D

polygons,eachboundedby orientedstraightline edges. Each
polygon consistsof one peripheralcontour and zero or more
inner contours,which form holesor “islands” in the polygon.
We preprocesstheinput to assurethateachpolygonis non-self-
intersecting(in otherwords,no edgecontainsa point in the in-
terior of another). The polygonscan be non-manifoldin the
sensethat more than two edgescan touch eachother at some
endpoint(s).We will usetheright-handrule conventionthat the
edgesof eachcontouraredirectedsuchthat the interior of the
polygon lies to the left. That is, the peripheralcontouris ori-
entedcounterclockwise(CCW) and eachinner contour is ori-
entedclockwise(CW). The normalof eachedgeis perpendic-
ular to the edgeandpoints to the right, i.e., the exterior of the
polygon.

In our algorithm,which we will describein Section4.1 in
detail,we treattheverticesdifferentlydependingonwhetherthe

vertex is convex or concave.

De�nition 1. A vertex is convex if a left turn is madeat this
vertex while marching along the contour. A vertex is concave
if a right turn is madeat this vertex while marching along the
contour(seeFigure5).

Figure 5. Convex andconcaveverticesin a polygonwith a hole

Anotherimportantconceptwe will useis thewindingnum-
ber. While therearedifferentapproachesto de�ning the term
[20–24], thewindingnumberscalculatedusingany of thesedef-
initions areidentical. In this paper, we usethefollowing de�ni-
tion:

De�nition 2. Let P bea setof orientedpolygonsconsistingof
oneor more contours, q beanypoint of Â 2nP, where Â 2 is the
2D Euclideanspace, and R be any ray from q to in�nity that
intersectsnovertex of P. Thewindingnumberw(R;P) of R with
respectto P is:

w(R;P) = å
ei2P

y (R;ei)

where, for each edgeei , theindex y (R;ei ) is de�nedasfollows:

y (R;ei) =

8
<

:

0 if R doesnot intersectei ;
1 if ei crossesR in CCWdirectionasviewedfromq;
� 1 if ei crossesR in CWdirectionasviewedfromq:

FromDe�nition 2, we have the following properties.First,
w(R;P) takesthe samevaluefor all raysR with the samestart
point provided that R doesnot intersectany vertex of P. Sec-
ond, thewinding numberfor a point q, denotedby w(q;P), has
thesamevaluefor all pointsin asingleconnectedregion (acon-
nectedsetof pointsboundedby the contoursof the polygons,
not includingits boundary).Third, thewindingnumbersof adja-
centregionsseparatedby asingleedgewill alwaysdiffer by one.
Fourth,theindividualwindingnumberswith respectto eachcon-
tour canbe summedto get thewinding numberwith respectto
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thepolygonwhentherearemultiple contoursde�ning thepoly-
gon.

An exampleof calculatingthe winding numberfor a point
q using two differentchoicesof R is shown in Figure6. Note
thatwindingnumberscanbede�ned for overlappingand/orself-
intersectingpolygons,but only for closedcontours.

Figure 6. w(q;P), windingnumberat pointq, is equalto + 1 with
respectto any ray from q. For the raysshown,the incremental
difference(+ =� 1) to the winding numberas it crosseseach
polygonedge is indicated.

The windingrule de�nes a category, suchasodd,nonzero,
positive, negative, or “absolutevalue greaterthan or equal to
2”, to classify a region as inside or outside. If the calculated
winding number of a region falls into the chosencategory,
it is classi�ed as inside. Other winding rules could also
be de�ned, but these � ve are the only ones implemented
in OpenGL, with the names GLU TESSWINDING ODD,
GLU TESSWINDING NONZERO,
GLU TESSWINDING POSITIVE,
GLU TESSWINDING NEGATIVE, and
GLU TESSWINDING ABS GEQ TWO, respectively (see
Figure 7). Winding rules GLU TESSWINDING ODD and
GLU TESSWINDING NONZERO are commonly used in
polygon �ll procedures(only regions classi�ed as inside
are �lled). Winding rules can be used to implement CSG
Boolean operationssuch as union, difference and intersec-
tion of contours. For example, we can use the winding rule
GLU TESSWINDING ABS GEQ TWO to gettheintersection
of two contours[20].

In this paper, we usethepositivewinding rule: only regions
with positivewindingnumbersareclassi�edasin theinteriorof
the polygon. We �rst usethe positive winding rule to cleanup
any overlappingand/orself-intersectingpolygonsin a prepro-
cessingstep(seeFigure8). We laterusethesamewinding rule
to extracttheoffsetfrom ourraw offsetcurve,aswewill describe
in Section4.1.

Theinneroffsetandtheouteroffsetof apolygonarede�ned
asfollows.

(a) Preprocessingoverlappingpolygons

(b) Preprocessingself-intersectingpolygons

Figure 8. Preprocessing;thewindingnumbersof each connected
region are shownon the left and the interior of thepolygon,by
thepositivewindingrule, is shownon theright.

De�nition 3. Theinneroffsetof thepolygonP is theregular-
ized[25] boundaryof thesetof pointseach of which lies in the
interior of P andhasa Euclideandistancegreaterthantheoffset
distanced fromtheboundaryof P.

De�nition 4. Theouteroffsetof thepolygonP is theregular-
izedboundaryof thesetof pointseach of which liesexterior to P
andhasa Euclideandistancegreaterthan theoffsetdistanced
fromtheboundaryof P.

Note that the distanceof a point q from the boundaryof a
polygonis the distancebetweenq andthe closestpoint on the
boundary, andthattheremaybemultiplepointson theboundary
thatareclosestto thegivenpoint. For instance,in Figure9, the
distancefrom interior point a (respectively, exterior point c) to
thepolygonis thedistancefrom point a to point d (respectively,
from pointc to pointg). Thedistanceof pointb from thepolygon
is thedistancefrom pointb to eitherpointe or point f .

4 Winding Number Offset Algorithms
Conventional pair-wise offsetting approachesoffset each

edgeand insert counterclockwise(respectively, clockwise)cir-
culararcsat convex (respectively, concave)verticesbetweenthe
nontangentoffsetsegmentsto gettheraw, self-intersectingoffset
curve (seeFigure4). They thencalculatethe self-intersections
in the raw offset curve andidentify andremove both local and
globalinvalid loops[2,12,13,15]. Identifying theinvalid loops,
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(a) Contoursand winding
numbersfor eachregion

(b) Odd (c) Nonzero (d) Positive (e)Negative (f) Abs. Val. � 2

Figure 7. Winding Rules

Figure 9. Distancebetweena point anda polygon

particularlythosecausedby global interactions,while retaining
valid loopsthat arepartof theoffsetboundary, lies at theheart
of thesealgorithms.

Calculatingthewindingnumbersof theraw offsetcurveob-
tainedby the conventionalpair-wise offset approachesinitially
appearsto bea valid methodfor differentiatinginvalid loops.A
simple exampleis shown in Figure 10. For a relatively small
offsetdistancesuchasshown in Figure10(a)and(b), thebound-
ary of theareawith positive winding numberis the inneroffset
polygon. However, for a large offset distancesuchas the one
in Figure10(c), the result is incorrect: the resultinginner off-
setpolygonshouldbeempty, but theareawith positive winding
numberis nonempty. Therefore,we insteadconstructavariation
on thetraditionalraw offsetcurve thatallows usto usewinding
numbersto ef�ciently determinetheoffsetpolygons.

4.1 Our Algorithm
To constructour raw offset curve for the inner offsetpoly-

gon, we �rst offset eachedgeoppositeto its normal direction
(i.e., to the left of the edge) by the offset distanced (Fig-
ure 11(a)). The offset segmentshave the sameorientationas
the original edges. If the vertex is a concave vertex, we con-
necttheendpointsof theoffsetedgeswhoseoriginaledgesshare
this vertex by a clockwiseorientedarc centeredon this shared
vertex. Thesesegmentsandarcsareidenticalto thosetypically
usedin other approachesthat constructa raw offset curve. If
the vertex is a convex vertex, however, we connectit with the

endpointsof theoffsetsegmentswhoseoriginal edgessharethis
convex vertex with straightline segmentsratherthaninsertingan
arc(Figure11(b)). Theinsertededgesareorientedsuchthatthe
connectivity is maintainedwhenyou go aroundthe raw offset
curve.

Thenwe considerthewinding numbersof eachregion with
respectto the raw offset curve. Regions with positive wind-
ing numbersarein the interior of the inneroffsetpolygon(Fig-
ure11(c)). Theboundaryof their union is the inneroffsetpoly-
gon(Figure11(d)).

(a) Offseteachedge (b) Connectoffsetedges

(c) Calculatethewinding
numberof eachregion

(d) Get the boundaryof
areaswith positive wind-
ing numbers

Figure 11. Constructingthe inner offsetpolygon(original poly-
gondashed)

To constructour raw offset curve for the outeroffsetpoly-
gon,wefollow thesamestepsasfor aninneroffsetpolygonwith
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Figure 10. Winding numbercalculationusingconventionalpair-wiseinner offsetraw offsetcurve; theshadedarea in each �gur e has
positivewindingnumberandtheoriginal polygonis dashed.

minor modi�cations. In the�rst step,we offseteachedgealong
its normaldirection(i.e., to the right of the edge)by the offset
distance.In thesecondstep,for a convex vertex, we connectthe
endpointsof theoffsetsegmentswhoseoriginal edgessharethis
vertex by acounterclockwiseorientedarccenteredonthisshared
vertex; for a concave vertex, we connectit to the endpointsof
theoffsetedgeswhoseoriginal edgessharethis concave vertex.
An exampleof constructingtheouteroffsetpolygonis shown in
Figure12.

(a)Offseteachedge (b) Connectoffsetedges

(c)Calculatethewinding
numberof eachregion

(d) Get the boundaryof
areaswith positive wind-
ing numbers

Figure 12. Constructingtheouteroffsetpolygon(original poly-
gondashed)

4.2 Correctness of the algorithm
In this section,we �rst show thattheoffsetpolygonscanbe

constructedby Booleanoperations,which canin turn be imple-
mentedusingwinding numbers.After proving the correctness
of this method,we thenshow thatour methodis equivalentbut
takeslesstime andspace.

De�nition 5. The rectangularareaof an edge segmentis the
areasweptout whensweepingtheedge segmentalongor oppo-
siteto its normaldirectionuntil reachingits offsetsegment.(The
sweepdirectionis alongthenormalfor an outeroffset,opposite
to thenormalfor an inneroffset.)

De�nition 6. Thefan-shapedareaof a vertex is thefan-shaped
area formedby the vertex and the insertedarc centered at the
vertex andconnectingits two offsetpoints.Thefan-shapedarea
is only de�ned on concaveverticesfor an inner offset and on
convex verticesfor anouteroffset.

WeillustrateDe�nition 5 andDe�nition 6 with theexamples
shown in Figure13.

Figure 13. De�nitions of rectangularareasandfan-shapedareas

4.2.1 Inner Offset To constructthe inner offset poly-
gonby Booleansubtraction,weneedto subtractall pointswithin
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distanced of the boundary, that are also inside the boundary,
from theoriginal polygon. This is accomplishedby subtracting
the rectangularareafor eachedgesegmentand the fan-shaped
areafor eachconcave vertex. We orienttheboundaryclockwise
for eachcontourwe wish to subtract.Combiningthesecontours
with the contoursde�ning the original orientedpolygonP and
usingthepositivewinding rule to evaluatetheresultingpolygon
setP0correspondsto a Booleansubtraction[20]. Theboundary
of the resultingsetof regionswith positive winding numbersis
theinneroffsetpolygonof P.

To seewhy this givesthe inner offset,considercalculating
the winding numbers�rst with respectto eachcontourof P0.
Sincethe original polygon is not self-intersecting,the winding
numberis + 1 in its interior, and0 in its exterior. Thepointsin-
sideeachsubtractedrectangularor fan-shapedclockwisecontour
have a winding numberof � 1 relative to that contoursincethe
boundaryof any rectangularor fan-shapedareawill not beself-
intersecting.Thepointsoutsideeachsubtractedcontourhave a
windingnumberof 0 relative to thatcontour.

Now we calculatethe winding numberswith respectto P0.
Sincethewindingnumberof apointwith respectto P0equalsthe
sumof the winding numbersof this point with respectto each
contourof P0, we know a point o outsidetheoriginal polygonP
will have a winding numberof at most0 with respectto P0. The
winding numberwith respectto P0 of o equals0 wheno does
not lie in any of therectangularor fan-shapedarea;thewinding
numberwith respectto P0 of o is less than 0 if o lies in one
or more of the rectangularor fan-shapedareas. In either case
o will be classi�ed as outsidethe evaluatedpolygon P0 using
the positive winding rule. For a point that lies in at leastone
rectangularor fan-shapedarea,it will have a winding number
of at most (� 1) + (+ 1) = 0 (when the point lies both in one
of the rectangularor fan-shapedareaand in the interior of the
polygonP). Sothesepointswill alsobeclassi�edasoutsidethe
evaluatedpolygonP0 usingthe positive winding rule. Now we
canexpresstheprocessasa subtraction,from theinterior of the
original polygonP, of theunionof all therectangularareasand
fan-shapedareas. The result is the setof points that lie in the
interior of P andhave a distanceof at leastthe offset distance
d from P. The boundaryof this region is thusthe inner offset
polygon.

4.2.2 Outer Offset The constructionof the outeroff-
setpolygonby Booleanunion(addition)andits proofaresimilar
to that for the inner offset polygon. To constructthe outeroff-
setpolygon,we �rst constructtherectangularareafor eachedge
segmentandthefan-shapedareafor eachconvexvertex. Thenwe
orienttheboundarycounterclockwisefor eachrectangularor fan-
shapedarea.Combiningthesecontourswith thosede�ning the
original polygonP andagainusingthepositive winding rule to
evaluatethenew polygonP0correspondsto aBooleanunion(be-

causethis time theboundariesarecounterclockwise)[20]. Since
thewinding numberof a point in theinterior (respectively, exte-
rior) of theoriginal polygonP is 1 (respectively, 0) with respect
to P andthewindingnumberof apoint inside(respectively, out-
side)a rectangularor fan-shapedareais 1 (respectively, 0) with
respectto thatrectangularor fan-shapedarea,thewinding num-
ber of a point is at least1 with respectto the polygonP0 after
the winding numberswith respectto eachcontouraresummed
if andonly if the point lies in the interior of the original poly-
gon P and/or in one or more rectangularor fan-shapedareas.
Therefore,thepoint is in theinteriorof thenew polygonP0using
positivewindingrule if andonly if it is in theinteriorof theorig-
inal polygonP and/orin oneor morerectangularor fan-shaped
areas.This processis equivalentto addingtherectangularareas
and fan-shapedareasto the interior of the original polygon P.
Theboundaryof theresultingsetof regionswith positive wind-
ing numbersis thustheouteroffsetpolygon.

4.2.3 Simplifying the Raw Offset Curve Using
straightBooleanoperationsto obtaintheoffsetpolygonsasde-
tailed in Section4.2.1andSection4.2.2,we needto constructa
new contourwith four edgesfor eachedgein theoriginal poly-
gon, aswell asa new contourwith two straightedgesandone
curvededgefor eachconcave or convex vertex. We canreduce
thenumberof contoursandedges,leaving only thoseusedin our
algorithm's raw offset curve, by eliminatingthe edgeswith the
samegeometrybut oppositedirectionsby applyingthefollowing
theorem:

Theorem 1. If there are two edges in a polygonhaving the
samegeometryand oppositedirections,the winding numberof
anypoint is invariantafterweremovethesetwo edges.

Proof. Supposethereare two edgese1 and e2 in a polygon P
with the above properties(seeFigure14). After removing the
two edgesfrom the polygonP, we get a new polygonP0. The
polygonsP andP0 have the samevertices. For any ray R with
anendpointq thatcontainsnovertex of P andhencecontainsno
vertex of P0, eitherit crossesboth edgese1 ande2 or it crosses
neither. If it doesnot crosseitheredge,thewinding numberof
point q is equalwith respectto thepolygonP or thepolygonP0

sincetheedgesthatcontributeto thewinding numberof point q
arethesamefor both thepolygonsP andP0. If the ray crosses
bothe1 ande2 in thepolygonP, their contributionsto thewind-
ing numberof point q are+ 1 (or � 1) and� 1 (or + 1) respec-
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tively. For any rayRq from q, wehave

w(q;P) = å
ei2P

y (Rq;ei)

= å
ei2Pnf e1;e2g

y (Rq;ei) + y (Rq;e1) + y (Rq;e2)

= å
ei2Pnf e1;e2g

y (Rq;ei) + 1� 1

= å
ei2Pnf e1;e2g

y (Rq;ei)

= w(q;P0)

Therefore,thewindingnumberfor any point is invariantaftere1
ande2 areremoved.

Figure 14. Winding numberinvariance. Edgese1 ande2 are co-
incidentbut wemovethema little apart fromeach other for vi-
sualizationpurposes.

Thereductionfrom thecontoursusedfor thefull Booleanal-
gorithmto thecontoursusedfor our raw offsetcurveis shown in
Figure15. Boththeorientationof eachrectangularor fan-shaped
contourand the winding numbersof eachsingleconnectedre-
gion areshown in the�gure. We donotusethecontourde�ning
the original polygon in our raw offset curve so it is shown us-
ing dashedlines. Using our algorithm,the numberof contours
in theraw offsetcurve P0 is equalto thenumberin theoriginal
polygon. That is, for eachcontourin the original polygon P,
we constructonly onecontourin theraw offsetcurve. Thetotal
numberof theedgesin P0for our algorithmis between28%and
75%of thenumberof theedgesusingthefull Booleansubtrac-
tion/additionalgorithm(both the greatestand leastsavings are
for a convex polygon— thegreatestsavings for anouteroffset,
the leastsavings for an inner offset). Thus,our new algorithm
takeslesstime andlessspace,with resultsequivalentto thefull
Booleanalgorithm.

(a) InnerOffsetPolygon

(b) OuterOffsetPolygon

Figure 15. ReducingtheBooleansubtraction/additionalgorithm
to our windingnumberalgorithm

5 Implementation, Anal ysis and Results
Our programusesGLU 1.3 implementedby SGI, a free

extensionto OpenGL.The GLU tessellatortakes as input the
vertices of each contour de�ning the input polygon. Af-
ter the GLU TESSWINDING POSITIVE winding rule and
the plane normal are set, it tessellatesthe polygon and cal-
culatesthe winding numbersof eachconnectedregion. We
set the GLU BOUNDARY ONLY property to GL TRUE in
order to extract the contours that separatethe interior and
the exterior of the resulting output polygon. The call-
backfunctionsGLU TESSCOMBINE, GLU TESSVERTEX,
GLU TESSBEGIN and GLU TESSEND are prede�ned and
called during the tessellation. The GLU TESSCOMBINE
callback creates new vertices at self-intersections. The
GLU TESSVERTEX callbackallows us to extract the ordered
verticesfrom the outputpolygons(the offsets). When the tes-
sellator begins or ends a loop in their contour outlines, the
GLU TESSBEGIN and GLU TESSEND callback functions
arecalled, telling us whento starta new loop or endan exist-
ing onein our datastructurefor theoffsetpolygon.

To assurerobustness,we preprocessthe input to cleanup
any overlappingand/or self-intersectingpolygonsby running
thewinding numbercalculationonceusingthepositive winding
rule (seeFigure 8). This cleanup stepis necessarywith ma-
chinegeneratedinput becausetheroundoff errorsthatarisedue
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to limited numericalprecisionoften generatemicroscopicself-
intersections.

5.1 Space Comple xity and Time Comple xity
Therearetwo mainstepsin our algorithm: theconstruction

of the raw offsetcurve andthecalculationof thewinding num-
bers. Sinceeachvertex in the raw offset curve is insertedonly
once,the �rst part takesO(n) time andO(n) space,wheren is
thenumberof line segmentsandarcsegmentsin theraw offset
curve. Thesecondpartdependson theGLU tessellator.

The GLU tessellatoronly takespolygonswith straightline
edgesasinput. Therefore,we mustapproximateeacharc in the
raw offsetcurvewith shortline segments,increasingthenumber
of verticespassedto theGLU tessellatorto somenumberN > n.
We settheapproximationerror(themaximumdistancebetween
any approximatingline segmentandthe original arc) to be 1%
of theoffsetdistancefor theresultsreportedhere.Sincethedif-
ferenceis boundedby the constantapproximationpercentage,
O(N) 2 O(n), andtheasymptoticcomplexity, in termsof N or n,
is thesame.In our analysis,wewill usen, thatis, thenumberof
verticesin theraw offsetcurve,insteadof N.

Thesourcecodefor theGLU tessellatorfrom theSGISam-
ple Implementation[26] revealsthat they usea sweepline algo-
rithm to subdividethepolygoninto monotoneregionsatintersec-
tion pointsandclassifyeachregion asinsideor outsideaccord-
ing to thewindingruleused.A sweepline intersectionalgorithm
thatstoresintersectionshasO((n+ k) logn) timecomplexity and
O(n+ k) spacecomplexity, wheren is thenumberof verticesin
theinput, theraw offsetcurve in this instance,andk is thenum-
berof self-intersections;thusweassumethattheGLU tessellator
weareusingalsorunsin O((n+ k) logn) timeandusesO(n+ k)
space.

We have experimently con�rmed our implementation's
spaceandtime complexity for several examples,shown in Fig-
ure16. Their curvedsurfaceswereapproximatedto severaldif-
ferentlevelsof precisionfor comparison.We ran the testson a
dual-bootPCwith anAMD Athlon(tm) XP 2500+1.8GHzpro-
cessorunderLinux usingsingleusermodefor repeatability.

We experimentlycon�rmed the spacecomplexity by plot-
ting the memoryusageof the programversusn + k (seeFig-
ure17). We canseethatthespaceusageis linearin n+ k, which
is consistentwith the spacecomplexity of the sweepline algo-
rithm usedin theGLU tessellator.

Runningtimes,takenastheaverageof 100runs,areplotted
versus(n+ k) logn in Figure18. Theseplotsareconsistentwith
thetheoreticalasymptotictimecomplexity of O((n+ k) logn).

5.2 Comparison with ACIS
5.2.1 Running Time We comparedthe running time

of our offsettingalgorithmto therunningtime of theoffsetrou-
tine provided in the ACIS kernel,the geometrickernelusedby

(a) Fish
(272 � 186
boundingbox)

(b) BigS
(117 � 134
boundingbox)

(c) BigQ
(116 � 130
boundingbox)

Figure 16. Examples,with theoriginal polygonsin (darker) blue
andtheoffsetpolygonsin (lighter) red; thedimensionsof theaxis
alignedboundingbox for each exampleare indicatedin paren-
theses.

Figure 17. Spaceusagevs. (n+ k)

many commercialCAD packagesuchasAutoCAD, 3D Studio,
AutodeskInventor, IronCAD, andCADkey. We ranthetestson
the samedual-boot1.8GHzPC underWindows 2000(seeFig-
ure 19). Our algorithmis 30 to 150 timesfasterthantheACIS
offsettingpackageon theseexamples.

5.2.2 Robustness Oneof our motivationsfor starting
thiswork wasanobservedlackof robustnessin theACISroutine
for inputpolygonswith featuresof sizeexactlyequalto twicethe
inneroffsetdistance.Thereforewealsocomparedtherobustness
of the ACIS offsettingroutineandour algorithm. While ACIS
givesqualitatively incorrectresultsin somecases,our algorithm
alwaysgave correctresultsfor thehundredsof caseswe tested.
A typical exampleis shown in Figure 20, in which the offset
polygonshouldconsistof two contoursthat toucheachotherat
a point on the symmetriccenterline. ACIS gives only one of

9 Copyright c 2005by ASME



Figure 18. Runningtimevs.(n+ k) logn

Figure 19. Runningtimecomparisons

thesecontours,while theothercontouris missingentirely. Our
algorithmgivesbothcontourscorrectly.

We alsofoundout that theACIS offsettingroutinegivesin-
consistentresultscorrespondingto differentmathematicalde�-
nitions of the offset polygon, dependingon the input. The is-
sueariseswhen two offset segmentscoincidewith eachother
(an exampleis shown in Figure21). ACIS givestwo different,
mathematicallyinconsistentresultsfor the offsetsof thesetwo
polygons,onecontainingthecoincidentoffsetsegmentsandthe
otheromitting them.Our algorithmdoesnot displaythecoinci-
dentoffsetsegmentsatany time,consistentwith ourde�nition of
offsetastheboundaryof aregularizedset(r-set)[25]. Having an
offsetalgorithmthatimplementsa consistentmathematicalde�-
nition of offsettingis essentialif we areto useit asa subroutine
for well-de�ned,provablycorrectgeometricalgorithms.

(a) ACIS result (b) Our result

Figure 20. Robustnesscomparison: ACIS inner offset and our
algorithm's inneroffset

(a) Polygon 1
by ACIS

(b) Polygon2 by ACIS

(c) Polygon
1 by our
algorithm

(d) Polygon2 by ouralgorithm

Figure 21. Consistencyof thede�nition of theoffsetpolygon

6 Conc lusion
Ouralgorithmfor calculatingoffsetpolygonsusingwinding

numbersis fast,accurate,andextremelyeasyto implement.The
simple-to-constructraw offset curve is processedby the built-
in winding numbercapabilitiesof the robust, widely available
and free GLU tessellator. The algorithm's scalability is excel-
lent, with spacecomplexity of O(n + k) and running time of
O((n+ k) logn), wheren is the numberof input verticesandk
is the numberof self-intersectionsin the raw offset curve. The
algorithmgivesmathematicallywell-de�ned andinternallycon-
sistentresults,evenfor input thatcontainsmultiple,overlapping
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and/orself-intersectingpolygonswith arbitraryholes.
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